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In this paper, two transformations are introduced to solve the double sine-Gordon equation by
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1. Introduction

Sine-Gordon-type equations, including the single
sine-Gordon (SSG) equation

Uy = osinu, Q)
the double sine-Gordon (DSG) equation

Uy = osinu+ Bsin2u (2)
and the triple sine-Gordon (TSG) equation

Uy = asinu+ Bsin2u+ ysin3u, (3)

are widely applied in physics and engineering. For ex-
ample, the DSG equation is a frequent object of study
in numerous physical applications, such as Josephson
arrays, ferromagnetic materials, charge density waves,
smectic liquid crystal dynamics [1-5]. Actually, the
SSG equation and the DSG equation also arise in non-
linear optics, 3He spin waves and other fields. In a
resonant fivefold degenerate medium, the propagation
and creation of ultra-short optical pulses, the SSG and
the DSG models are usually used. However, in some
cases, one has to consider other sine-Gordon equa-
tions. For instance, the TSG equation is used to de-
scribe the propagation of strictly resonant sharp line
optical pulses [6].

Due to the wide applications of sine-Gordon-
type equations, many solutions to them in different
functional forms, such as tan~lcoth&, tan~ltanh&,

tan~1sech&, tan~tsné&, have been obtained by differ-
ent methods [7—12]. Due to the special forms of sine-
Gordon-type equations, it is rather difficult to solve
them directly, so there is need for some appropri-
ate transformations. In this paper, based on the intro-
duced transformations, we will show systematical re-
sults about solutions for the DSG equation (2) by us-
ing knowledge of elliptic equation and Jacobian elliptic
functions [13-19].

2. TheFirst Kind of Transformation and Solutions
tothe DSG Equation

In order to solve sine-Gordon-type equations, cer-
tain transformations must be introduced. For example,
the transformation
1

v or v:tan;, (4)

has been introduced in [7,9] to solve the DSG equa-
tion.
When the transformation (4) is considered, we have

u=_2tan™

2tany 2V
H 2
sinu= = 5
1+tan?y 1+ ©)
and
2 Ay,

Utx Vi Vy. (6)

TIe T @ree
Combining (5) and (6) with (2), the DSG equation
can be rewritten as

(14 V2 )Vex — 2We vy — (ot +2B)\V— (oc— 2BV =0, (7)
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which can be solved in the frame
V:V(g)a 5:k(x_ct)7 (8)

where k and ¢ are wave number and wave speed, re-
spectively.
Substituting (8) into (7), we have

(1+v2)3% — 2v(g—g)2 +ov+BVi =0, (9)

with

_a+2B _a—2
(X]_— k2C Y ﬁl_ k2C .

And then we suppose (9) has the following solution

(10)

j=n
v=v(y)= > by, ba#0, y=y(&), (11)
j=0

where y satisfies the elliptic equation [13-17, 20]

y?=ap+ay +asy, a#0, (12)
withy = g—g then
y' = apy+ 2a4y°. (13)

The nin (11) can be determined by the partial bal-
ance between the highest order derivative terms and the
highest degree nonlinear term in (9). Here we know
that the degree of v is

O(v) =0O(y") =n,
and from (12) and (13), one has
O(y?) =0(y") =4, O(y")=0(y*) =3, (15)

and actually one has

(14)

oy")y=1+1. (16)
So one has
O(v)=n, OV)=n+1, 17)

oV)=n+2, ONVY)=n+l.

For the DSG equation (2), we have n = 1, so the
ansatz solution of (9) can be rewritten as
by #£0.

v=Dby+ bly, (18)
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Substituting (18) into (9) results in an algebraic
equation for y, which can be used to determine expan-
sion coefficients in (18) and some constraints can also
be obtained. Here we have

by = 0, (192)
;  +o
= (19b)
B2 = 2% (19¢)
YT a-pB

From (19b) and (19c), the constraints can be deter-
mined as

o+ 0

2ay
73 >0

a—p

>0,

(20)

and

(03 —4a0as)Kc? +4Bagk’c— (a2 —4B?) =0, (21)

with
AB%a3+ (85— daga) (0 —4B%) > 0. (22)
It is worth noting that if ag = 0, then we have
23
bp=0, bf=—"T_ 23
¢ Y- p @)
with the constraint
2ay
a+ o =0, > 0. 24
ot =0, = (24)

Considering the constraints (20) and (22) or (23) and
(24), the solutions to the elliptic equation (12) can be
used to derive the final results. Here some cases can be
obtained.

Casel Ifag=0,a =1,a; = —1, then

y=seché, by=0,
/ (25)
o k2
with constraint
@ J;ZB <0, 26)

where K is an arbitrary constant. So the solution to the
DSG equation (2) is

o+2p

up = 2tan~(£4/ —
a

sech&). (27)
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Case2. Ifag=0,ap=1,a4 =1, then

y=csch, bo=0,
(28)
b1::|: ﬂ, C:_a+2B,
a k2
with constraint
2
‘”a B oo 29)

where K is an arbitrary constant. So the solution to the
DSG equation (2) is

o+2p

U = 2tan~ (£ —,,osch). (30)
Case3. Ifag=1,a= -2, a4 =1, then
y=tanh&, by=0,
2_41R2 31
o — &, 2B _ol—4p? (31)
26—« 8Bk2
with constraint
o? < 4B?, (32)

where k is an arbitrary constant. So the solution to the
DSG equation (2) is

uz = 2tan" (£ gg i— gtanhé). (33)
Cased. Ifag=1,ay=—-2,a4 =1, then
y=coth, by=0,
by — + ;gtg o —“;5?927 (34)
with constraint
o? < 42 (35)

where k is an arbitrary constant. So the solution to the
DSG equation (2) is

_ 2B+«
_ 1
Ug = 2tan (i 2ﬂ_acoth<?§>. (36)
Caseb. Ifag =%, a = —3, a4 = 1, then
tanh&
V= Trsecg 270
37
b 4 |2BFa C__a2—4[32 80
YU 2B T 2Bk
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with constraint
a? < 4B2, (38)

where K is an arbitrary constant. So the solution to the
DSG equation (2) is

_ 2B+ a tanh&
_ 1 /
Us = 2tan (i 2B—a1isech§>'

Case6. Ifag=1—n?, ap =2mf — 1, ay = —n?,
where 0 < m< 1 is called the modulus of Jacobian
elliptic functions [21-23], then

(39)

y=cng, bg=0,
blzi\/a+2[3+(2mz—1)k2c
2(1-mP)kc (40)
o 2(1—2m)B + \/ock22—16[32mz(1—mz)7
with
a?—16B2m*(1—nm?) >0, 0<m<1, (41)

where Kk is an arbitrary constant, and cné is the Jaco-
bian elliptic cosine function [20—-23]. So the solution
to the DSG equation (2) is

Ug = 2tan~! (i \/a + zzlz;—ji;];lgcl)kzccnlj) . (42)

Case7. Ifag=—-m?,ay=2mf—1,a, = 1—n?,
then

1

y=ncé = e’ by =0,

B o+2B+ (2m? —1)kc
o= i\/_ ke (43)
L 2(1-2mP)B = \/o? ~16B2nP (1 —P)

— o :
with
o? —16B°mP(1—n?) >0, 0<m<1, (44)

where K is an arbitrary constant. So the solution to the
DSG equation (2) is

k2
u7:2tan‘1(i\/—a+2ﬂ;rr£§|fi Lk Cncé). (45)
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Case8.Ifag=1,a =2m? —1, a4 = (M? — 1)n?,
then

sné

y=sdé = e’ by =0,
blzi\/oc+2ﬂ+2(k22r‘22—l)k2c7 (46)
o 2(1—2m?)B + /a2 —16B2mP (1 — n?)
- o ,
with
a? —16B°mP(1—m?) >0, 0O<m<1, (47)

where k is an arbitrary constant, and sn& is the Jaco-
bian elliptic sine function and dn& is the Jacobian ellip-
tic function of the third kind [20-23]. So the solution
to the DSG equation (2) is

1 o+2B+ (2m? —1)k%c
ug = 2tan (i\/ TR

Case9.Ifag= (M —1)n?, ap = 2P — 1, a4 = 1,
then

sd&). (48)

dné

y=ds&é = e’ b =0,
o+2B+ (2m? —1)kc
bl:i\/ 2(m2—(1)mzk2<z ’ “
o 2(1—2m?)B + /a2 — 16B2m2 (1 — )
— o 7
with
a?—16B2m*(1—nm?) >0, 0<m<1, (50)

where K is an arbitrary constant. So the solution to the
DSG equation (2) is

U9=2tan1(i\/a+2[3+(2mz_1)kzcd55). (51)

2(m? — 1)mPKec
Case10. Ifag =1, ap = —(1+nv¥), ay = n¥, then

y=sn&, by=0,

_ 2
blzi\/a+2ﬂ Zl(éij)k c
214+ m?)B £ /(1 —nP)2a? + 16207
€= L) :

(52)

with

§>(1+mz),

i2c O<m<l,

(53)

where k is an arbitrary constant. So the solution to the
DSG equation (2) is

Uo = 2tant (i \/a +2p _Zl(é: m2)k2csné> . (54)

Casell. Ifag=1,a = —(1+nP?), as = ¥, then

B _cné B
y_Cd€:m7 bO_O:

- a+2B—(1+m)kéc

~2(1+mA)B £ /(1 —nP)2a? + 16B2n?
€= (1— )22 :

with
2
kT[i>(1+mz), 0<m<1, (56)

where k is an arbitrary constant. So the solution to the
DSG equation (2) is

Upp = 2tan ! (i \/a +2p _ZI(é(j mZ)kZCcdé) . (57)

Case12. Ifag =n?, ap = —(1+mnP), a4 = 1, then

— 1 _
y:n5€:ﬁ7 bO_O:
2B — (1+m?)k2
o 2(1+mP)B 4 /(1 —mP)2a2 + 162
N (1—nm?)2k2 ’
with
lfTﬁC>(1+mz), 0<m<1, (59)

where k is an arbitrary constant. So the solution to the
DSG equation (2) is

_ 2
u12:2tan‘1(i\/a+2ﬂ2m(i;—cmz)k Cnsé). (60)
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Case13. Ifag =n?, ap = —(1+mP), a4 = 1, then
B _dné B
y=dcé = ne’ by =0,
B o+2B— (1+m?)kic
by = i\/ 2mPk2c ’ (61)
2(1+mP)B + /(1 — )22 4 16B2n?
- (1—mP)2Ke ’
with
Ef (1+m), 0<m<1, (62)

where k is an arbitrary constant. So the solution to the
DSG equation (2) is

_ o+2B — (1+m?)kéc

U3 = 2tan 1(1\/ ﬁZm(Zkzc ) dcé).(63)
Caseld. Ifag=—(1—-mf),ap=2—nP, a4 = —
then

y:dn€7 b0:07

B o+2B+(2—mP)kic

bl_i\/— 21—nPKke (64)

o 2(m? —2)B £ /mPa? +16B2(1 — m2)

k2

with

EZB +(2-m?) <0, 0<m<l1, (65)

where k is an arbitrary constant. So the solution to the
DSG equation (2) is

2 2 —m?)k2
U14:2tan1(i\/—a+2€1t(mz)k2 ) Cdn§>.(66)
Casel5. Ifag=—1,a=2—n, a4 = —(1—n¥),
then
1

y: ndéE m, b():O,
B o+2B+(2—mP)kic 67
bl_i\/_ 2K%c ’ ©7

2(m? —2)B £ /mPa2 +16B2(1 — m2)

€= Iy

with

22 ) <o,

12c 0<m<l,

(68)

where k is an arbitrary constant. So the solution to the
DSG equation (2) is

U5 = 2tan~t (:I: \/—

Casel6. Ifag =1, ay
sné

o+2B+(2—m)kc
2k2c

nd g) . (69)

=2—m?, as=1—n?, then

yzscézﬁ, bo =0,
blzi\/a+2[3+2|(§c—rr12)k207 (70)
o 2(m? —2)B £ /mPa? +16B2(1 — m2)
k2
with
izﬁ +(2-m) >0, 0<m<l1, (71)

where K is an arbitrary constant. So the solution to the
DSG equation (2) is

T 2\K2
16 :2tan‘1<i\/a+2ﬂ J;lgc )k Cscé).(72)

Casel7. Ifag=1—m? a,=2—n?, a, =1, then

_cné B
y_csézSn , bg=0,

3
B a+2B+(2—mP)kc
b; = :I:\/ 2(1—mP)keC , (73)
o 2(m? —2)B £ /Mo +16B2(1 — m2)
mtk2
with
Ezﬂ +(2-m) >0, 0<m<1, (74)

where k is an arbitrary constant. So the solution to the
DSG equation (2) is

P a+2p+(2—md)kc
L7 = 2tn (i\/ 21— nP)Kec

cs&). (75)
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1+m2

Case18. Ifag = #, a = Lag == then
_cné B
~ 1+sné’ bo =0,
_ 2(oc+2B) + (1+mP)k’c 76
bl_i\/ (1-mkc 7
—(14+m?)B £ \/mPa? + B2(1—mP)2
mPk? ’
with
4ﬁ
+(14m) >0, 0<m<1, (77)

where k is an arbitrary constant. So the solution to the
DSG equation (2) is

B 1 2(o+2B)+ (L +m)k2c
Ujg = 2tan (i\/ 1)k -
cné
'1isn§>'
Case19. Ifag = — 15 @y — — L 5, — 1P
then
o dng -
y—m, bo =0,
_ 2(a+2B)+ (1+m?)k’c -
bl_i\/_ 1-mkc "
—(14+m?)B £ \/mPa? + B2(1—mP)2
mek2 '
with
4P +(1+nmf) <0, 0<m<1 (80)
k2 )

where k is an arbitrary constant. So the solution to the
DSG equation (2) is

P 2(oc+2pB) + (1 +nP)k?c
Ujg = 2tan (i\/— A D
. dné )
1+msné/’
Case20. Ifag = ™ azz—g,au:%,then
~msné B
~ 1+dné’ bo =0,
_(2_ 2
blzi\/z(mzﬁ:nz'((zz me)k c ©2)

_ (- m)B++/(1- m2a2+ﬁ2m4
(1-mP)k?
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with

4p

e > (2-m),
where k is an arbitrary constant. So the solution to the
DSG equation (2) is

O<m<l, (83)

2 2B) — (2—m?)k?
uzo=2tan‘1<i\/ (o+ Br)rﬁkgc ke 60
msn &
'1idn§>'
Case2l. Ifag =%, a = 13" 2”‘2 , a4 = 7, then
_sné B
~ 1+cné’ bo =0,
_ 2(0+2B)+ (1—2mP)k?c
(2m? —1)B + /me(m? — 1) + B2
N me(nm? — 1)k2 ’
with
m(mf —1)a®+B2>0, 0<m<1l,  (86)

where K is an arbitrary constant. So the solution to the
DSG equation (2) is

_ 2
U1 = 2tan‘1(jE \/2(a+2[3) tz(cl 2me)k2c

(87)

9
' lincm%)’

Case22. Ifag=1,a, = —%, = %,then

_sné
~ 1+dné&’

blzi\/Z(a+2ﬁ);2((:2—rT12)k2c7
2-m)B£/(1-m)o?+ B2t
B (1—mP)k2 ’

bOZO:

(88)

with

4p

e > (2-m),
where K is an arbitrary constant. So the solution to the
DSG equation (2) is

_ _ 2
u22:2tan_1<i\/2(a+2ﬁ)k2£2 mP)k2c

O<m<l, (89)

(90)

¢
'1indn§>'
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Remark 1. The solutions usg to up, in terms of ra-
tional functions of elliptic functions have not been re-
ported in the literature, they are new solutions to the
DSG equation (2).

Remark 2. The solutions from ug to uy; in terms of
Jacobian elliptic functions have not been given in [11].

Remark 3. In [10], Peng solved the DSG equation
in form of

Uy = Sinu—+ Asin2u, (91)
and obtained some solutions in terms of Jacobian ellip-
tic functions. He pointed out he can obtain solutions to
the DSG equation (2) with o« = 1 when A = 0. How-
ever, his conclusion is wrong, for the coefficients of
solutions obtained in terms of sn ((40) in [10]), dn
((46) in [10]), ns ((51) in [10]) and dc ((52) in [10])
are imaginary, whereas they should be real. For exam-
ple, from the constraint (41) in [10]

(1-m?)2Kw? — 41 (1+mP)ko +4A2—1=0, (92)

if A =0, then we have

(1-m)?Kw?—1=0, (93)
i.e.

ko = i# o

=t
Substituting (94) into solution (40) in [10]
u= 2arctan[i \/_(1+”‘2)kw+2l+1
2ko (95)
- sn (kx— a)t)}

we can show that the coefficient W be-
comes

im or i with i=v-1 (96)

So the solutions given by Peng in terms of sn ((40)
in [10]), dn ((46) in [10]), ns ((51) in [10]) and dc ((52)
in [10]) are not real solutions. This is contrary to the
origin of the DSG equation (2).

Remark 4. Based on the above results, we can see
that when the auxiliary equation, such as the elliptic
equation (12), is applied to solve nonlinear evolution
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equations, the constraints must be involved, otherwise,
the obtained solutions may be trivial.

3. The Second Kind of Transfor mation and
Solutionsto the DSG Equation

The second transformation under consideration is

1 1
u=2tan%(=) or - =tans,
v v

2 (©7)

which has been introduced in [7] to solve the DSG
equation.

When the transformation (97) is considered, there
are

2tany yAY
- _ 2 _
St = 1+tan?y  1+v2’ 38)
and
2 4v
U = — g Vo T (99)

Combining (98) and (99) with (2), the DSG equation
can be rewritten as

(14+V?)Vix — 2We W — (— o+ 2B)V+ (ot +2B)Vv® = 0.
(100)

We can see that the difference between (7) and (100)
is that the —o in (7) is replaced by o in (100), so the
solutions to (2) under the transformation (97) can be
easily obtained by replacing o by —a and v by \—1, in
solutions from u; to upy.

Casel Ifag=0,a =1,a; = —1, then

y=seché, by=0,
[—a+2p —a+2p (10)
b=+ ,C= — ,
o k2
with constraint
%ﬁﬂ >0, (102)

where K is an arbitrary constant. So the solution to the
DSG equation (2) is

U3 = 2tan*1(i . /f:z‘g(mhé)' (103)
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Case2. Ifag=0,ap=1,a4 =1, then
y=csché, by=0,

by 4] —Ot2B  —o+2p 4oy
1= a Y - k2 b

with constraint

L—i_zﬁ<0

" : (105)

where k is an arbitrary constant. So the solution to the
DSG equation (2) is

o
=2tan (£, /———
Hos ( —a+2f
Case3. Ifag=1,a = -2, a4 =1, then

sinhg). (106)

y=tanh&, by=0,

— 2 4p2 (107)
b 2B arap?
2B+ 8Bk2
with constraint
o’ < 4B2, (108)

where k is an arbitrary constant. So the solution to the
DSG equation (2) recovers ug.

Case4d. Ifag=1,ay=—-2,a4 =1, then

y=cothé, by=0,
28—« o? — 4B? (109)
T 2gra ©T epR
with constraint
a? < 4B2, (110)

where k is an arbitrary constant. So the solution to the
DSG equation (2) recovers us.

Caseb. Ifag=1,a = —3,as = 1, then

tanh&

yzliseché’ bo =0,

111
b — 4. 2B C__a2—4[32 i
YTV 281 T 2B
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with constraint
a? < 4B2, (112)

where k is an arbitrary constant. So the solution to the
DSG equation (2) is

_ 2B+ a 1+seché
_ 1
Ugs = 2tan (i\/ 28— tanhé )

Case6. Ifag=1—n?, ay =2n? — 1, ay, = —n?,
then

y:Cné’ b0:07
- —o+ 2B+ (2m? — 1)k2c
by = j:\/ 21— nP)Kec : (114)
o AL—2mP)B £ \/o? ~16BZmP(1— mP)
= 2 ,
with

a?—16B%m*(1—n?) >0, 0<m<1, (115)

where Kk is an arbitrary constant. So the solution to the
DSG equation (2) is

1 2(1-m?)kéc

Upg = 2tan (i\/—a+2ﬁ+(2n12—1)k20ncé>'

(116)

Case7. Ifag=—-m?,ay=2mf—1,a, =1—n?,
then

y=nc§, bp=0,
—o+2B+ (2m? —1)k?c
by = i\/ - TS : (117)
. 2(1—2m?)B + /a2 — 16B2m2 (1 — )
— : 7
with

a?—16B%m*(1—nm?) >0, 0<m<1, (118)

where k is an arbitrary constant. So the solution to the
DSG equation (2) is

P B 2mekc
Up7 = 2tan (i\/ —a+2/3+(2n12—1)k20°”5>'
(119)
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Case8. Ifag=1,a =2n? — 1, ag = (Mm% — 1)n?,
then

y=sd&, bg=0,
—o+2B+ (2m? —1)k%c
by = i\/ o : (120)
o 21=2m)B+ /a?— 162 (1 —1P)
= 7 7
with

a? —16B°mP(1—m?) >0, O0<m<1, (121)

where k is an arbitrary constant. So the solution to the
DSG equation (2) is

" 2kec
Upg = 2tan (i\/—a+2[3+(2mz—1)k2cdsé>’
(122)

Case. Ifag= (M —1)n?, @y =2m? — 1,84 =1,
then

y=ds§, bp=0,
B —o+2B+ (2m? —1)k%c
o 2(1-2m?)B + /a2 — 16B2m2 (1 — n¥)
— @ ,
with

a?—16B2mP(1—n?) >0, 0<m<1, (124)

where K is an arbitrary constant. So the solution to the
DSG equation (2) is

B 1 2(m?2 — 1)mPk2c
Uyg = 2tan (i\/—a+2ﬁ+(2m2—1)k2c5d€>'
(125)

Case10. Ifag =1, ap = — (1 +n¥), ay = n¥, then

y=sn&, by=0,

_ _ 2
blzi\/ a+2ﬁ2kgt+mz)k c
21+ m?)B £ /(1 —nP)2a2 + 1627
€= (1—P)2K :

(126)

with

§>(1+mz),

k2c

where k is an arbitrary constant. So the solution to the
DSG equation (2) is

O<m<l, (127)

S 2k2c

U3zp = 2tan (i\/—a+2ﬁ—(1+rr12)kzcnsé>'
(128)

Casell. Ifag =1, ay = —(1+nP), ay = n¥, then

y=cdg, bo=0,
b jE\/—05—1—2[3—(14—mz)k2c
1:

2k2c ’ (129)
21+ m)B £/ (1—m?)202 + 16B2mP
€= (L—m)K2 ’
with
ETﬂC>(1+mZ)7 0<m<1, (130)

where K is an arbitrary constant. So the solution to the
DSG equation (2) is

P 2k2c
Uz; = 2tan (i\/—a+2ﬁ—(1+m2)kzcdcé>'
(131)
Case12. Ifag =n?, ap = —(1+n?), a4 = 1, then
y:n5€, bo =0,
—o+28— (1+mP)kc
b]_ ::t\/ ZrnZkZC 9 (132)
o 2(1+mP)B 4 +/(1—mP)2a? 4 16B2n?
B (1—m?)2k2 ’
with
§>(1+mz) 0<m<1 (133)
k2C k) )

where k is an arbitrary constant. So the solution to the
DSG equation (2) is

1 2mek2c
Uszp = 2tan (i\/—a+2ﬁ—(1+rr12)kzcsn§>'
(134)
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Case13. Ifag =n?, ap = —(1+mP), a4 = 1, then

)/ZdCé7 b():O,
—a+2B— (1+m)k?
S
2(1+m?)B+ /(1 —mP)202 + 16B2n?
B (1—m?)2k2 ’
with
2p >(14+mP), 0<m<l, (136)

k2

where k is an arbitrary constant. So the solution to the
DSG equation (2) is

2mek2c

_ -1
U3z = 2tan (i\/—a+2[3—(1+rr12)k20(:d§>’
(137)
Casel4. Ifag=—(1—mP),ap=2—nP, a4 = —
then
y:dné, boZO,
B —o+2B+(2—mP)kic
bl_i\/— 21 Pk , (138)
2(m? —2)B £ \/mPa? +16B2(1 — m2)
€= K2
with
2p +(2-m?) <0, 0<m<l1, (139)

K2c

where k is an arbitrary constant. So the solution to the
DSG equation (2) is

Uss = 2tant (j: \/—

Caselb. Ifag=—-1,a, =
then

y=nd¢,

B —o+2B+(2—mP)kic
bl_i\/_ 2K2c ’
2(m? —2)B £ \/mPa? +16B2(1 — m2)

mk?

2(1-m?)kec
“ot 2B+ (2 mz)kzcndé)
(140)

—(1—m?),

2—m, ay =

(141)

Cc=

with

2
kzﬁ +(2-m) <

where K is an arbitrary constant. So the solution to the
DSG equation (2) is

0, 0<m«l, (142)

P 2k2c
Uss = 2tan (i\/_—a+2ﬁ+(2—mz)k2cdn€>'
(143)

Casel6. Ifag=1,a=2—m?, a; =1—n?, then

y:SC§7 b0:
_ _ 2
blzi\/ a+2ﬁ;—k22 me)K c (144)
o 2(m? —2)B £ /mPa2 +16B2(1 — m2)
mik2
with
Ezﬁ +(2-m) >0, 0<m<1, (145)

where K is an arbitrary constant. So the solution to the
DSG equation (2) is

2k2c
_ -1
Uzg = 2tan (i\/—a+2ﬁ+(2—m?)k2ccsé>'
(146)
Casel?. Ifag=1—m? a,=2—n?, a, = 1, then

y:CSé7 bOZO:
- 2 2 —mP)k2
2(m? — Zﬁi\/m2a2+16[32(1 m2)
= I
with
2B +(2-m) >0, 0<m<l1, (148)

k2

where k is an arbitrary constant. So the solution to the
DSG equation (2) is

o (1—mR)kec
37 = 2tan 1<i\/—a+2[3+(2 )G sc é)
(149)
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Casel8. Ifag = L, @y — B g, — L% then
~cné B
~ 14sné’ bo =0,
B 2(—a+2B)+ (1+mP)k’c 150
bl_i\/ (1—mP)kec ’ (150)
—(14+m?)B £ /mPa? + B2(1—nmR)2
m2k? ’
with
4[3
+(1+m?)>0, 0<m<l, (151)

where k is an arbitrary constant. So the solution to the
DSG equation (2) is

_ 9tan-1 (1—m?)k?c
Uzg = 2tan <i\/2(—a+2ﬁ)+(1+m2)k2c 5
1+sné
" cné )
Case19. Ifag = — 15 @y — — L 5, — 1P
then
~dng -
“Trmeng 270
_ 2(—a+2B)+ (L+md)kc 153
b1—ﬂ:\/— - mP)Kc , (153)
—(14+m?)B £ /mPa? + B2(1— )2
m2k? '
with
48 2
12c +(14m) <0, 0<m<1, (154)

where k is an arbitrary constant. So the solution to the
DSG equation (2) is
(1—m?)k2c

Usg = Ztan‘l(i \/_ 2(—a+2B)+(1+mP)KeC (155
1£msné
. W>'

Case20. Ifag =T
~msné
~ 1+dné’
b1=i\/2(_a+2€,)12;2(2_mz)k20,
_ (- m?)B ++/(1—n? a2+ﬁ2m4
(1-mP)k?

,m:%,then

bo =0,

(156)
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with

2,

12c O<m<l,

(157)

where k is an arbitrary constant. So the solution to the
DSG equation (2) is

mek2c
_ -1
~1+dné
msn & )
Case2l. Ifag =1, & —1*5”‘2,a4:%,then
~sné B
_M7 b0_07
_ _ 2
blzi\/z( oc—s—ZB)—Z(l 2m2)k C (150)
kéc
(2mf —1)B + /m?(m? — 1)o2 + B2
n me (m2 — 1)k2 ’
with
m(m? —1)e?+B%2>0, 0<m<1, (160)

where K is an arbitrary constant. So the solution to the
DSG equation (2) is

u —2tan‘1<i ke
= 2(—o+2B) + (1 —2m?)k2c
1icn§>
YA
(161)
Case 22. |f80:%,82=—¥,a4=¥,then
_sné B
~ 1+dng’ bo =0,
2(—a+2B)—(2—mP)kc
blzi\/ — . (162)
(2 m)B £ +/(1— mza2+ﬁ2m4
(1-mP)k?
with
4p >(2-mf), 0<m<1, (163)

K2c



312 Z.Fu et al. - Exact Jacobian Elliptic Function Solutions to the Double Sine-Gordon Equation

where k is an arbitrary constant. So the solution to the
DSG equation (2) is

) 3 k2c
Uy = 2tan (i\/z(_a+2ﬁ)—(2—”‘2)kzc (164)
1+dné
" sné )

Remark. Most of the solutions from uo3 to us
in terms of Jacobian elliptic functions have not been
given in the literature.

4, Conclusion

In this paper, two transformations are introduced
to solve the double sine-Gordon equation by using
knowledge of the elliptic equation and Jacobian ellip-
tic functions. It is shown that different transformations
can be used to obtain more kinds of solutions to the
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